A detailed comparison of HERA data at low Bjorken-x and low four-momentum-transfer squared, Q 2 , with predictions based on ln Q 2 evolution (DGLAP) in perturbative Quantum Chromo Dynamics suggests inadequacies of this framework. The standard DGLAP evolution was augmented by including an additional higher-twist term in the description of the longitudinal structure function, F L . This additional term, F L A HT L /Q 2 , improves the description of the reduced cross sections significantly. The resulting predictions for F L suggest that further corrections are required for Q 2 less than about 2 GeV 2 .
Introduction
Analyses of HERA and other DIS data are generally performed within the perturbative regime of Quantum Chromo Dynamics (QCD), [1] i.e. with Q 2 , the four-momentum-transfer squared, sufficiently above 1 GeV 2 . The HERA data extend towards Q 2 and x Bj values, where x Bj is the Bjorken scaling variable, where the longitudinal structure function, F L , becomes significant. Previous HERA results [2, 3] suggest that QCD continues to give a good description of the data down to surprisingly low values of Q 2 . This gives the possibility of not only establishing the limit below which QCD no longer describes the data, but also of investigating modifications to the standard Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) [4] [5] [6] [7] [8] evolution that have been proposed in the literature, for example ln(1/x) resummations, as introduced by BalitskyFadin-Kuraev-Lipatov [9] , or saturation. The key variable is x, the fraction of the proton momentum carried by the parton, which is identical to x Bj in the quark-parton model. Saturation is expected to occur when the density of gluons becomes so large that the standard increase in gluon density as x falls is flattened off by gluon-gluon interactions and recombination. Such effects can be described by non-linear evolution equations including higher-twist corrections at low x, visualised as gluon ladders with recombining gluons [10, 11] . An earlier analysis of HERA-I data [12] had shown some discrepancies with conventional DGLAP evolution at low Q 2 and low x. This is now investigated using the final combination of HERA inclusive cross sections.
This combination of HERA reduced cross sections for neutral current (NC) and charged current (CC) e ± p scattering measured by the H1 and ZEUS collaborations was recently published [3] together with a QCD analysis based solely on the DGLAP formalism, which produced a set of parton distribution functions (PDFs) called HERAPDF2.0. In this analysis, it was noted that the predictions from the PDFs of HERAPDF2.0 were not able to describe the NC data very well at low Q 2 , below Q 2 ≈ 10 GeV 2 , both at NLO and NNLO. This was confirmed within the framework of the NNPDF global analysis [13] .
The reduced NC deep inelastic e ± p scattering cross sections are given by a linear combination of structure functions which depends on the PDFs. At low Q 2 , where virtual photon exchange is dominant, the reduced cross sections for e ± p scattering are equal and may be expressed in terms of the structure functions F 2 and F L as
where the fine-structure constant, α, the photon propagator and a helicity factor are absorbed in the definitions of σ ± r,NC and Y ± = 1 ± (1 − y) 2 . In particular, the predictions of HERAPDF2.0 were not able to describe the turn-over of the NC reduced cross section at low x Bj and low Q 2 due to the contribution from F L , which is directly connected to the gluon PDF [14] .
The analysis presented here focuses on a simple ansatz to add higher-twist terms to the DGLAP-based evolution. The expectation is that such terms are important for F L , but not for the structure function F 2 , because in the case of F 2 longitudinal and transverse contributions cancel [10] . New sets of PDFs were extracted at next-to-leading order (NLO) and next-tonext-to-leading order (NNLO). These PDFs are labelled the HHT PDFs and the corresponding analyses are called the HHT analyses, for ease of reference. The predictions from these analyses are compared to the reduced HERA cross sections at low Q 2 and low x Bj . The predictions of HHT and HERAPDF2.0 for F L are compared to measurements published separately by the H1 [15] and ZEUS [16] collaborations.
The HERA Data and HERAPDF2.0
The HERA data on neutral current and charged current e + p and e − p inclusive cross sections as combined by the H1 and ZEUS collaborations [3] were used as the input to the analysis presented here. Their kinematic range spans six orders of magnitude in x Bj and Q 2 , but only four orders of magnitude are usable for pQCD fits, for which Q 2 min must be above 1 GeV 2 . The range in x Bj is automatically reduced when low-Q 2 data are excluded, because, at HERA, low x Bj also implies low Q 2 .
The data were previously used to extract the HERAPDF2.0 [3] set of PDFs. While the description of the data by the predictions of HERAPDF2.0 is quite good, the overall χ 2 /(number of degrees of freedom, ndof) values of the various fits were around 1.2 [3] . It was observed that these values could be reduced if Q 2 min , the smallest Q 2 of the data used in the fits, was increased from 3.5 GeV 2 to 10 GeV 2 . However, this substantially worsened the predictions for the low-Q 2 and low-x Bj regime, which were already not particularly good either at NLO or NNLO for the standard fits with Q 2 min = 3.5 GeV 2 . Neither did NNLO fits show any improvement over NLO ones.
Most of the HERA data were taken with a centre-of-mass energy, √ s, of 318 GeV. However, NC e + p data are available also for lower √ s, such that different values of the inelasticity y are accessed at the same x Bj and Q 2 , since y = sx/Q 2 . This provides direct information on F L . Although results on F L were published separately by the H1 and ZEUS collaborations, the data on which the results were based were combined and were included in the data set used for the HHT analysis.
QCD Analysis Including Higher-Twist Effects
The introduction of higher-twist terms is one possible way to extend the DGLAP framework. Higher-twist effects have a 1/Q 2n dependence and are thus important at low Q 2 . Such terms have been introduced by previous authors, but usually in the context of higher-twist effects which are important at high x [17] . In the present paper we investigate low-x higher-twist effects since, for the kinematics of HERA, low Q 2 is only accessed at low x Bj . Motyka et al. [18] have also considered higher-twist effects at low x but in the context of diffractive data. In the present study we concentrate on inclusive data. The leading-twist perturbative QCD forms of the structure functions F 2 and F L were augmented by simple twist-4 terms
where A The ZEUSfitter package 1 was used for the analysis presented here. The results were crosschecked with the HERAFitter [20] package. Except for the addition of the higher-twist term, the fits called HHT were set up exactly as the HERAPDF2.0 fits. In particular the heavy-flavour scheme used was the RTOPT scheme [21] [22] [23] [26] to HERA and other data. In the present paper the effects of such a higher-twist term on the predictions for F 2 and σ ± r,NC are explored in more detail, using an analysis focussing on HERA data.
The PDFs for HHT were parameterised at the starting scale µ 
where
g are free parameters and C ′ g was set to 25 [24] . The A ′ g was added to make the parametersiation more flexible at low x. It could lead to a negative gluon density at low x, even at scales above µ 2 f 0 . However, this was neither observed for HERAPDF2.0 nor for the analysis presented here.
The HHT fits were performed at NNLO and NLO, including the higher-twist term for and quantify that the extrapolation of HHT NNLO describes these data better than the extrapolation of HERAPDF2.0, while the description at NLO does not improve.
The positive higher-twist terms preferred by the HHT fits imply that F L is larger than determined in the HERAPDF2.0 fits. Since the structure function F L is directly related to the gluon distribution at low x, at O(α s ), it might be expected that a larger F L implies at larger low-x gluon. However, this ignores the role of higher-order matrix elements. In fact, the NNLO gluon distribution exhibits a turn-over at low x and Q 2 . This comes from the substantial A ′ g term which the HHT NNLO fit requires even in the presence of the large higher-twist term. To investigate this a gluon parameterisation of the form xg(
was also tested at both NLO and NNLO. This form is called the alternative gluon or AG form of the parametrisation and it ensures that the gluon distribution is always positive definite for
. The AG fits and the fits using the form of Eq. 4 are very similar at NLO. In contrast, the AG parameterisation at NNLO results in much higher χ 2 /ndof values, 1389/1133 for HERAPDF2.0 and 1350/1132 for HHT. At NNLO the data favour a strong gluon turn-over whereas AG, by construction, does not allow this. The AG parameterisation is clearly not suited for fits at NNLO.
The validity of the assumption that perturbation theory is applicable in the kinematic regime of the fits is tested by the dependence of the quality of the fits, as represented by χ 2 /ndof, on the value of Q Table 2 . The PDF and especially the highertwist parameters of HHT NNLO do not change much when Q 2 min is lowered from 3.5 GeV 2 to 2.0 GeV 2 . The partial χ 2 /ndp for the NC e + p data with √ s = 318 GeV increases from 1.12 to 1.14, but the partial χ 2 /ndp drops from 1.28 to 1.04 for the 25 points in the range 2.0 ≤ Q 2 < 3.5 GeV 2 .
Refitting with lower Q 2 min has a stronger effect at NLO than at NNLO, but again, the highertwist term is basically unchanged. The results at NLO are, as before, not strongly dependent on the details of the gluon distribution. This can be seen when refitting with HHT NLO AG, which yields almost the same result as HHT NLO.
Heavy-Flavour Schemes
The influence of the heavy-flavour scheme was already discussed in the context of HERA-PDF2.0 [3] . To study the effect on this analysis, the HERAFitter [20] package was used to replace the default RTOPT scheme with the fixed-order plus next-to-leading logarithms (FONLL) scheme [27, 28] . The resulting dependence of χ 2 on Q In the FONLL scheme, the HHT NNLO fit has a substantially improved χ 2 /ndof for low Q 
Reduced Cross Sections
A comparison of the predictions of HHT and HERAPDF2.0 with Q 2 min = 3.5 GeV 2 to the measured reduced NC e + p cross sections is shown at NNLO in Fig. 4 and at NLO in Fig. 5 . In all cases, the predictions are extrapolated down to Q 2 = 2.0 GeV 2 ; HHT clearly describes this low-Q 2 , low-x Bj data better. This was already indicated by the χ 2 /ndof values in Table 1 , where the χ 2 /ndp for the data points with 2.0 ≤ Q 2 < 3.5 GeV 2 are listed separately. The HHT NNLO predictions are clearly preferred as they describe the turn-over of the data towards low x Bj quite well. This turn-over region at low x Bj is not well described by the predictions from HERAPDF2.0.
The predictions of the HHT NNLO and HHT NLO with Q 2 min = 2.0 GeV 2 are shown in Fig. 6 . The data are well described at NNLO, even better than for the standard HHT NNLO with Q 2 min = 3.5 GeV 2 . The effect of the lower Q 2 min is stronger at NLO, where the turn-over is better described.
The HHT NNLO predictions even describe the data down to Q 2 = 1.2 GeV 2 quite well, as can be seen in Fig. 7 . This is especially true for HHT NNLO with Q 2 min = 2.0 GeV 2 . At Q 2 = 1.5 GeV 2 , the turn-over is very well described. At Q 2 = 1.2 GeV 2 , the predicted turn-over is somewhat shifted towards higher x Bj . However, it is remarkable how well these data below the starting scale of the evolution are described, illustrating once again the apparent ability of a perturbative QCD ansatz to describe the data to surprisingly low Q 2 .
6 The Structure Functions F 2 and F L Values of the structure function F 2 are extracted from the data as
The values of F . The agreement between prediction and extraction is better for HHT. This confirms that the F L from HERAPDF2.0 is not large enough. The predicted and the extracted values also agree better for HHT at NLO, but the NLO fit is not as good as the NNLO fit below around Q 2 = 4.5 GeV 2 .
In Fig. 10 still shows a tendency to turn-over. This confirms the findings of the comparisons with the reduced cross-section data that HHT NNLO is better suited to describe the data than HHT NLO.
The H1 and ZEUS collaborations published separate measurements of F L [15, 16] , using data with lowered √ s which provided cross sections at different y values for identical x Bj and Q 2 . The predictions of HHT and HERAPDF2.0 with Q 2 min = 3.5 GeV 2 for F L at NNLO and NLO are compared to these measurements in Fig. 11 . For Q 2 > Q 2 min , the shapes of all predicted curves are similar but the predictions of HHT are significantly higher than those from HERAPDF2.0 for Q 2 below 50 GeV 2 . Even though the statistical accuracy of the data is limited, the data mildly favour HHT over HERAPDF2.0 in this regime.
In Fig. 11 , extrapolated F L predictions are shown below Q 2 min = 3.5 GeV 2 and even below the starting scale µ 2 f 0 = 1.9 GeV 2 . These predictions have large uncertainties and the accuracy of the data is limited, but it is clear that the upturn of F L predicted by HHT NNLO is not favoured by the data. This disagreement on F L is in contrast to the fact that the predictions of HHT NNLO describe the very precise NC e + p cross sections down to Q 2 = 1.2 GeV 2 remarkably well, see Fig. 7 . Although the higher-twist term is expected to be important for F L [10] , the very large increase of the predicted F L suggests that some other effect is being absorbed in F L in the simple ansatz used in the current analysis. Since HERA kinematics couples low Q 2 to low x it could be that ln(1/x) resummation has a role to play here. Interestingly, HERAPDF2.0 NNLO also predicts a slight upturn of F L at Q 2 below Q 2 min . This suggests that the upturn in both the HHT and HERAPDF2.0 NNLO analyses is connected to the NNLO coefficient functions, which are large and positive. Similar effects were observed previously [29] for predictions from both pure DGLAP analyses and those including highertwist terms.
Saturation
The operator-product expansion beyond leading twist has diagrams in which two, three or four gluons may be exchanged in the t-channel such that these gluons may be viewed as recombining. This recombination could lead to gluon saturation [11] . The A HT L /Q 2 -term used in the analysis presented here corresponds to twist-4. Another approach to describe saturation is the colourdipole picture, which is formulated in the proton rest frame where the incoming photon develops structure over a coherence length proportional to 1/Q 2 and 1/x Bj . Recently, fits to the HERA data were presented [30] , which indicate that saturation effects should set in at latest at x Bj > 10 −9 , but possibly earlier. The data presented here reach down to x Bj ≈ 10 −5 . It is therefore interesting to see if there is any hint of saturation effects becoming important already in these HERA data.
Phenomenological models of saturation have been treated in the colour-dipole picture. A successful dipole model using the non-linear running-coupling Balitsky-Kovchegov equation [31, 32] has been developed by Albacete et al. [33] . However, fits in such a scheme are beyond the scope of the present paper. Instead the HERA data are here compared with the predictions of a simple dipole model of saturation [34] by Golec-Biernat and Wüsthoff (GBW), in which the onset of saturation is characterised as the transition from a "soft" to a "hard" scattering regime. This occurs along a "critical line" in the x Bj are significantly larger for HHT in this low-x Bj regime than for HERAPDF2.0 and they agree better with the corresponding predictions. This is true for fits at NNLO and at NLO. In both cases, it is caused by significantly larger values of F L , since Eq. 1 implies that F 2 must also increase.
For Figs. 12 and 13, all predictions from HHT and HERAPDF2.0 were extrapolated down to Q 2 = 1.2 GeV 2 , a value below the starting scale, for which the predictions of HHT NNLO nevertheless still describe the reduced cross sections quite well, see Fig. 7 . The predictions from GBW are expected to be particularly relevant in this regime while the pQCD evolution on which HHT and HERAPDF2.0 are based is expected to start to break down. This is demonstrated by the results on F L . The extractions and predictions differ substantially between NNLO and NLO for Q 2 of these data is limited, but the strong upturn of F L predicted by HHT NNLO is not observed. The data confirm the downward trend of the F L values measured for the full W range shown in Fig. 11 . Colour-dipole motivated models [29, 34] The strong difference between F L predictions from HHT NNLO and NLO, together with the HHT NNLO prediction of a strong upturn of F L as Q 2 approaches 1 GeV 2 indicate that the current simple higher-twist correction to the perturbative DGLAP evolution alone cannot completely describe the physics involved, even though the reduced cross sections are described quite well by this ansatz.
Conclusions
The addition of a twist-4 term to the description of the longitudinal structure function F L significantly improved the quality of pQCD fits within the DGLAP framework to HERA data. In particular, the description of cross sections at low Q 2 and low x Bj was improved. The Q 2 range of the fits was extended down to Q 2 = 2.0 GeV 2 and the cross-section data could be well described down to Q 2 = 1.2 GeV 2 by extrapolations. The addition of a higher-twist term to the structure function F 2 has no effect. This confirms the expectation that the influence of higher-twist effects cancels for longitudinally and transversely polarised photons in F 2 .
The recombination of gluons is part of the higher-twist formalism. This can be seen as a mechanism of saturation. The strong influence of such a higher-twist term can be seen as the first hint for the onset of saturation in the HERA data at low Q 2 and low x Bj . The predictions of HHT NNLO for F L become very high for Q 2 below 3.5 GeV 2 and disagree with the data. This indicates that the pQCD description is breaking down and further mechanisms are needed for a consistent description of the data at the lowest x Bj and Q 2 . . The final row for each fit lists the partial χ 2 /ndp of the fit for data points with 2.0 ≤ Q 2 < 3.5 GeV 2 . In addition, the higher-twist parameters for HHT fits are given. . The bands represent the experimental, i.e. fit, uncertainties. 
